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Abstract
In this article, we prove some fixed point theorems in metric type spaces. This article
is just a generalization some results previously proved in [3]. In particular, we give some
coupled common fixed points theorems under weak contractions. These results extend well
known similar results existing in the literature.
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1 Introduction
The Banach contraction principle is a fundamental result in fixed point theory. Due to its
importance, several authors have obtained many interesting extensions and generalizations, from
single fixed point to coupled fixed point. In [3], Olaniyi et al. gave a brief justification on the
origin of metric type space and considered it as a suitable framework to generalize some fixed
point theorems. Metric type spaces generalize the notion of metric spaces, even if both structures
are very close . In this article, we prove fixed point theorems in metric type spaces. We also give
coupled fixed point results. For the convenience of the reader, we shall recall some definitions
but for a detailed exposé of the definition and examples, the interested reader is referred to [3].
2 Prelimaries
Definition 2.1 Let X be a nonempty set, and let the function D : X ×X → [0,∞) satisfy the
following properties:
(D1) D(x, x) = 0 for any x ∈ X;
(D2) D(x, y) = D(y, x) for any x, y ∈ X;
(D3) D(x, y) ≤ α
(
D(x, z1)+D(z1, z2)+· · ·+D(zn, y)
)
for any points x, y, zi ∈ X, i = 1, 2, . . . , n
where n ≥ 1 is a fixed natural number and some constant α ≥ 1.
The triplet (X,D,α) is called a metric type space.
The concepts of Cauchy sequence and convergence for a sequence in a metric type space are
defined in the same way as defined for a metric space. For the interested reader the definitions
can be obtained in [1]. Moreover, for α = 1, we recover the classical metric, hence metric type
generalizes metric. It is worth mentioning that if (X,D,α) is a metric type space, then for any
β ≥ α, (X,D, β) is also a metric type space. Hence, in the sequel we shall denote (X,D,α)
simply as (X,D) when there is no confusion.
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Example 2.2 (Compare [3]) Let X = {a, b, c} and the mapping D : X ×X → [0,∞) defined by
D(a, b) = 1/5, D(b, c) = 1/4, D(a, c) = 1/2, D(x, x) = 0 for any x ∈ X and D(x, y) = D(y, x)
for any x, y ∈ X. Since
1
2
= D(a, c) > D(a, b) +D(b, c) =
9
20
,
then we conclude that X is not a metric space space. Nevertheless, with α = 2, it is very easy
to check that (X,D, 2) is a metric type space.
Definition 2.3 A subset S of a metric type space (X,D,α) is said to be totally bounded if
given ε > 0 there exists a finite set of points {s1, s2, · · · , sn} ⊆ S, called ε-net, such that given
any s ∈ S there exists i ∈ {1, 2, · · · , n} for which D(s, si) ≤ ε.
Definition 2.4 Let (X,D,α) be a metric type space. If for any sequence (xn) in X, there is a
subsequence (xnk) of (xn) such that (xnk) is convergent in X. Then X is called a sequentially
compact metric type space.
Some topological properties concerning metric type spaces can be read in [3]. We recall some of
these results, as we will make use of them.
Lemma 2.5 (Compare [3]) Every metric type space (X,D,α) is Hausdorrf.
Lemma 2.6 (Compare [3]) A Cauchy sequence (xn) in a metric type space (X,D,α) is always
bounded.
Lemma 2.7 (Compare [3]) Let (xn) be a Cauchy sequence in a metric type space (X,D,α).
Then (xn) converges to x if and only if it has a subsequence that converges to x.
3 First Fixed Point Theorems
In this section, we prove some fixed point results in metric type space. In particular we generalize
the contractive conditions in the literature by replacing the constants with functions. First, we
state the following useful lemma.
Lemma 3.1 (Compare [3]) Let (yn) be a sequence in a metric type space (X,D,α) such that
D(yn, yn+1) ≤ λD(yn−1, yn) (3.1)
for some λ > 0 with λ < 1
α
. Then (yn) is Cauchy.
We are now in a position to state the main fixed point theorem of this section.
Theorem 3.2 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function. Suppose that there exist functions η, λ, ζ, µ, ξ : X → [0, 1) which satisfy the following
for x, y ∈ X :
(1) g(f(x)) ≤ g(x) whenever g ∈ {η, λ, ζ, µ, ξ};
(2) η(x) + λ(x) + ζ(x) + µ(x) + 2αξ(x) < 1;
(3) D(f(x), f(y)) ≤ H(x) ∗ V (x, y) where H(x) and V (x, y) are vectors in R5
with H(x) := [η(x), λ(x), ζ(x), µ(x), ξ(x)],
V (x, y) := [D(x, y),D(x, f(x)),D(y, f(y)),D(f(x), y),D(x, f(y))] and ∗ the usual inner
product on R5.
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Then, f has a unique fixed point.
Proof. Let x0 ∈ X be arbitrary and fixed, and we consider the sequence xn+1 = fxn = f
n+1x0,
for all n ∈ N. If we take x = xn−1 and y = xn in (3) we have
D(xn, xn+1) = D(fxn−1, fxn)
≤ H(xn−1) ∗ V (xn−1, xn)
= H(fxn−2) ∗ V (xn−1, xn).
Since for all n ∈ N, V (xn−1, xn) = [D(xn−1, xn),D(xn−1, xn)D(xn, xn+1), 0,D(xn−1, xn+1), the
above becomes
D(xn, xn+1) ≤ H(fxn−2) ∗ V (xn−1, xn)
≤ H(xn−2) ∗ V (xn−1, xn)
≤ η(xn−2)D(xn−1, xn) + λ(xn−2)D(xn−1, xn) + ζ(xn−2)D(xn, xn+1)
+ αξ(xn−2)[D(xn−1, xn) +D(xn, xn+1)]
...
≤ η(x0)D(xn−1, xn) + λ(x0)D(xn−1, xn) + ζ(x0)D(xn, xn+1)
+ αξ(x0)[D(xn−1, xn) +D(xn, xn+1)].
So
D(xn, xn+1) ≤
η(x0) + λ(x0) + αξ(x0)
1− ζ(x0)− αξ(x0)
D(xn−1, xn).
Thus, by Lemma 3.1, (xn) is a Cauchy sequence in X. Because of completeness of X and
continuity of f , there exists x∗ ∈ X such that xn → x
∗ and xn+1 = f(xn) → f(x). Since X is
Hausdorff, f(x∗) = x∗ .
Uniqueness If y∗ is a fixed point of f , then
D(x∗, y∗) = D(fx∗, fy∗) ≤ η(x∗)D(x∗, y∗) + λ(x∗)D(x∗, fx∗)
+ ζ(x∗)D(y∗, fy∗) + µ(x∗)D(fx∗, y∗)
+ ξ(x∗)D(x∗, fy∗)
= η(x∗)D(x∗, y∗) + µ(x∗)D(x∗, y∗) + ξ(x∗)D(x∗, y∗)
= (η(x∗) + µ(x∗) + ξ(x∗))D(x∗, y∗)).
Therefore D(x∗, y∗) = 0 i.e. x∗ = y∗ since η(x∗) + µ(x∗) + ξ(x∗) < 1.
Corollary 3.3 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function. Suppose that there exist functions η, λ, ζ, µ, ξ : X → [0, 1) which satisfy the following
for x, y ∈ X :
(1) g(f(x)) ≤ g(x) whenever g ∈ {η, λ, ζ, µ, ξ};
(2) η(x) + 2λ(x) + 2(1 + α)µ(x) < 1;
(3) D(f(x), f(y)) ≤ η(x)D(x, y) + λ(x)(D(x, f(x)) +D(y, f(y))) +
µ(x)(D(f(x), y) +D(x, f(y))).
Then, f has a unique fixed point.
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Proof. We can prove this result by applying Theorem 3.2 to λ(x) = ζ(x) and µ(x) = ξ(x).
Corollary 3.4 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function. Suppose that there exist constants a, β, γ, k, l ≥ 0 which satisfy the following for x, y ∈
X :
D(f(x), f(y)) ≤ aD(x, y)+βD(x, f(x))+γD(y, f(y))+kD(f(x), y)+lD(x, f(y)) and a, β, γ, k, l ≥
0 with a+ β + γ + k + 2αl < 1. Then, f has a unique fixed point.
Proof. We can prove this result by applying Theorem 3.2 to H(x) = (a, β, γ, k, l).
Corollary 3.5 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function and
D(f(x), f(y)) ≤ β[D(x, f(x)) +D(y, f(y))]
for all x, y ∈ X and β ∈ [0, 1/2). Then, f has a unique fixed point.
Corollary 3.6 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function and
D(f(x), f(y)) ≤ β[D(f(x), y) +D(x, f(y))]
for all x, y ∈ X and β ∈ [0, 1/(1 + 2α)). Then, f has a unique fixed point.
Corollary 3.7 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function and
D(f(x), f(y)) ≤ aD(x, y) + βD(f(x), y)
for all x, y ∈ X and a+ β < 1. Then, f has a unique fixed point.
The next corollary is a generalization of Banach contraction principle.
Corollary 3.8 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function and
D(f(x), f(y)) ≤ aD(x, y)
for all x, y ∈ X and a < 1.
We conclude this section by he following theorem.
Theorem 3.9 Let (X,D,α) be a complete metric type space and let f : X → X be a continuous
function and for all x, y ∈ X
ε(x, y) ≤ sD(x, y) + tD(x, f2(x)) (*)
with
ε(x, y) = aD(f(x), f(y)) + βD(x, f(x)) + γD(y, f(y)) + kD(x, f(y)) + lD(y, f(x)),
and where s ≥ a ≥ l, γ ≥ k ≥ t, a+ k > 0 and 0 ≤ (s− l)/(a+ k) < 1/α.
Then, f has a fixed point. Moreover, if α > 1, the fixed point is unique.
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Proof. For simplicity, we set fx := f(x) and subsequently. Let x0 ∈ X be arbitrary and fixed,
and we consider the sequence xn+1 = fxn = f
n+1x0, for all n ∈ N. If we take x = xn−1 and
y = xn in (*) we have
aD(f(xn−1), f(xn)) + βD(xn−1, f(xn−1)) + γD(xn, f(xn))
+ kD(xn−1, f(xn)) + lD(xn, f(xn−1))
≤ sD(xn−1, xn) + tD(xn−1, f
2(xn−1)) (3.2)
Rewriting his inequality as
aD(xn, xn+1) + βD(xn−1, xn) + γD(xn, xn+1)
+ kD(xn−1, xn+1) + lD(xn, xn)
≤ sD(xn−1, xn) + tD(xn−1, xn+1) (3.3)
implies that
(a+ γ)D(xn, xn+1) + (k − t)D(xn−1, xn+1) ≤ (s− β)D(xn−1, xn). (3.4)
Since k ≥ t, we have
(a+ γ)D(xn, xn+1) ≤ (s− β)D(xn−1, xn),
which entails that
D(xn, xn+1) ≤
s− β
a+ γ
D(xn−1, xn) ≤
s− l
a+ k
D(xn−1, xn),
Thus, by Lemma 3.1, (xn) is a Cauchy sequence in X. Because of completeness of X and
continuity of f , there exists x∗ ∈ X such that xn → x
∗ and xn+1 = f(xn) → f(x). Since X is
Hausdorff, f(x∗) = x∗ .
Uniqueness We assume here that K > 1. If y∗ is a fixed point of f , then for x = x∗ and y = y∗
in (*), we obtain
aD(f(x∗), f(y∗)) + βD(x∗, f(x∗)) + γD(y∗, f(y∗)) + kD(x∗, f(y∗)) + lD(y∗, f(x∗)) (*)
≤ sD(x∗, y∗) + tD(x∗, f2(x∗)).
Hence,
(a+ k)D(x∗, y∗) + lD(x∗, y∗) ≤ sD(x∗, y∗)⇐⇒ D(x∗, y∗) ≤
s− l
a+ k
D(x∗, y∗)
which is absurd except D(x∗, y∗) = 0, i.e. x∗ = y∗.
Remark 3.10 Observe in (3.4) that the term D(xn−1, xn+1) can be split via the triangle in-
equality. This yields to
(a+ γ)D(xn, xn+1) ≤ (k − t)α[D(xn−1, xn) +D(xn, xn+1)] + (s− β)D(xn−1, xn),
i.e.
[a+ γ + (k − t)α]D(xn, xn+1) ≤ [(k − t)α+ s− β]D(xn−1, xn)
or
D(xn, xn+1) ≤
[(k − t)α+ s− β]
[a+ γ − (k − t)α]
D(xn−1, xn).
In this case, we shall require that [(k−t)α+s−β][a+γ−(k−t)α] < 1/α which implies that (s − l)/(a + k) < 1/α.
Hence there is no loss of generality if we do not use the triangle inequality at this stage.
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The next sections present a generalization of the results proved above, namely, we remplace
the set of one variable functions η, λ, ζ, µ, ξ : X → [0, 1) by a set of functions of two variables
η, λ, ζ, µ, ξ : X ×X → [0, 1) to which we add an additional condition.
4 Fixed point of generalized contraction mappings
Theorem 4.1 Let (X,D,K) be a complete metric type space and let T : X → X a self mapping
on X such that for each x, y ∈ X
D(Tx, Ty) ≤ α(x, y)D(x, y) + β(x, y)D(x, Tx) + γ(x, y)D(y, Ty)
+ δ(x, y)[D(x, Ty) +D(y, Tx)] (4.1)
where α, β, γ, δ are functions from X ×X → [0, 1) such that
λ = sup{α(x, y) + β(x, y) + γ(x, y) + 2Kδ(x, y) : x, y ∈ X} < 1, (4.2)
then T has a unique fixed point, say x∗, the orbit {T nx} converges to the fixed point x∗ for any
x ∈ X. Moreover x∗ is such that for each x ∈ X
D(T nx, x∗) ≤
λn
1− λ
D(x, Tx).
Proof. Let x ∈ X. Let (xn) be the sequence defined by x0 = x, x1 = Tx0, · · · xn+1 = Txn.
From (4.1),
D(Txn, Txn+1) = D(Txn−1, Txn) ≤ αD(xn−1, xn) + βD(xn−1, xn) + γD(xn, xn+1)
+ δ[D(xn−1, xn+1) +D(xn, xn)],
or
D(Txn, Txn+1) = D(Txn−1, Txn) ≤ αD(xn−1, xn) + βD(xn−1, xn) + γD(xn, xn+1)
+ δD(xn−1, xn+1). (4.3)
Hence, using the triangle inequality, we have
D(xn−1, xn+1) ≤ K[D(xn−1, xn+1) +D(xn−1, xn+1)]
≤ 2K max{D(xn−1, xn),D(xn, xn+1)}. (4.4)
By (4.4), equation (4.3) turns to be
D(xn, xn+1) ≤ (α+ β + γ)max{D(xn−1, xn+1),D(xn−1, xn+1)}
+ 2Kmax{D(xn−1, xn),D(xn, xn+1)}.
Then
D(xn, xn+1) ≤ λmax{D(xn−1, xn),D(xn, xn+1)}.
Since λ < 1, then
D(xn, xn+1) ≤ λD(xn−1, xn). (4.5)
By inductivity, we obtain that
D(xn, xn+1) ≤ λD(xn−1, xn) ≤ λ.λD(xn−2, xn−1) ≤ · · · ≤ λ
nD(x, Tx).
6
By triangle inequality, for m > n we get
D(xn, xm) ≤ K[D(xn, xn+1) +D(xn+1, xn+2) + · · ·+D(xm−1, xm)]
≤ K[λn + λn+1 + · · · + λm−1]D(x, Tx)
λn
1− λ
KD(x, Tx)
or
D(xn, xm)
λn
1− λ
KD(x, Tx) (4.6)
Letting m,n→∞, in (4.6) implies that (xn) is a Cauchy sequence. Since (X,D,K) is complete,
there exists x∗ ∈ X such that
lim
n→∞
xn = x
∗. (4.7)
We now show that T (x∗) = x∗. Form the contractive condition, we know that
D(Tx∗, Txn) ≤ αD(x
∗, xn) + βD(x
∗, Tx∗) + γD(xn, Txn)
+ δ[D(u, Txn) +D(xn, Tu)]
≤ λmax{D(x∗, xn),D(x
∗, Tx∗),D(xn, xn+1),D(u, xn+1),D(xn, Tu)}.
As n→∞, we obtain
D(Tx∗, x∗) ≤ λD(x∗, Tx∗). (4.8)
Since λ < 1, we conclude that T (x∗) = x∗ because DT (x∗, x∗) = 0.
For uniqueness, assume y∗ ∈ is a fixed point of T . Then, we have
D(x∗, y∗) = D(Tx∗, T y∗)
≤ αD(x∗, y∗) + βD(x∗, Tx∗) + γD(y∗, T y∗)
+ δ[D(x∗, T y∗) +D(y∗, Tx∗)]
≤ (α+ 2δ)D(x∗, y∗) ≤ λD(x∗, y∗),
and D(x∗, y∗) = 0 since λ < 1.
Taking the limit in (4.6) as m→ ∞, we get D(T nx, x∗) ≤ λ
n
1−λD(x, Tx) for each n. The proof
is complete.
Mappings which satisfy (4.1) and (4.2) are called generalized contraction. From the proof of
Theorem 4.1, we have
Corollary 4.2 Let (X,D,K) be a complete metric type space and let T : X → X self mapping
on X such that for each x, y ∈ X
D(Tx, Ty) ≤ λmax
{
D(x, y),D(x, Tx),D(y, Ty),
1
2
[D(x, Ty) +D(y, Tx)]
}
(4.9)
where λ ∈ (0, 1). Then T has a unique fixed point.
Corollary 4.3 Let (X,D,K) be a complete metric type space and let T : X → X a self mapping
on X such that for each x, y ∈ X
D(Tx, Ty) ≤ λ1D(x, Tx) + λ2D(y, Ty) + λ3D(x, Ty) + λ4D(y, Tx) (4.10)
where λi ∈ [0, 1) and λ1 + λ2 +K(λ3 + λ4) < min{1, 2/K}, i = 1, 2, 3, 4. Then T has a unique
fixed point.
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5 Common fixed point of generalized contraction mappings
Given a non empty set X and {Tα}α∈J a family of selfmappings on X where J is an index set.
A point u ∈ X is called common fixed point for the family {Tα}α∈J if and only if u = Tα(u) for
each α.
Theorem 5.1 Let (X,D,K) be a complete metric type space and {Tα}α∈J a family of selfmap-
pings on X. If there exists a fixed β ∈ J such that for each x, y ∈ X such that for each α ∈ J :
D(Tαx, Tβy) ≤ λmax
{
D(x, y),D(x, Tαx),D(y, Tβy),
1
2
[D(x, Tβy),D(y, Tαx)]
}
(5.1)
for some λ = λ(α) ∈ [0, 1) with λK < 1 and for each x, y ∈ X. Then all the Tα have a unique
common fixed point, which is unique for each Tα, α ∈ J .
Proof. Let α ∈ J and x ∈ X be arbitrary. We consider the sequence defined by x0 = x, x2n+1 =
Tαx2n, x2n+2 = Tβx2n+1. Form (5.1) we get
D(x2n+1, x2n+2) = D(Tαx2n, Tβx2n+1)
≤ λmax
{
D(x2n, x2n+1),D(x2n, x2n+1),D(x2n+1, x2n+2),
1
2 [D(x2n, x2n+2) +D(x2n+1, x2n+1)]
}
Since
D(x2n, x2n+2) ≤ K[D(x2n, x2n+1) +D(x2n+1, x2n+2)] (5.2)
so,
1
2
D(x2n, x2n+2) ≤ K[D(x2n, x2n+1) +D(x2n+1, x2n+2)]
≤ Kmax{D(x2n, x2n+1),D(x2n+1, x2n+2)},
we have
D(x2n+1, x2n+2) ≤ Kmax{D(x2n, x2n+1),D(x2n+1, x2n+2)}.
Hence, as λK < 1
D(x2n+1, x2n+2) ≤ λKD(x2n, x2n+1).
Similarly, we get that D(x2n, x2n+1) ≤ λKD(x2n−1, x2n). thus for any n ≥ 1 we have
D(xn, xn+1) ≤ λKD(xn−1, xn) ≤ K
2D(xn−2, xn−1) ≤ · · · ≤ (λK)
nD(x0, x1) (5.3)
From (5.3) and the triangle inequality, for m > n we get
D(xn, xm) ≤ K[D(xn, xn+1) +D(xn+1, xn+2) + · · ·+D(xm−1, xm)]
≤ K((λK)nD(x0, x1) + (λK)
n+1D(x0, x1) + · · · + (λK)
m−1D(x0, x1))
≤ K
[
λK)n + (λK)n+1 + · · · + (λK)m−1
]
D(x0, x1)
≤ K
(λK)n
1− (λK)
D(x0, x1).
If we let n→∞, we conclude that (xn) is a Cauchy sequence in X. Because of completeness of
X there exists x∗ ∈ X such that xn → x
∗.
From (5.1), we have
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D(Tβx
∗, x2n+1) = D(Tβx
∗, Tβx2n)
≤ λmax
{
D(x∗, x2n),D(x
∗, Tβx
∗),D(x2n, x2n+1),
1
2 [D(x
∗, x2n+1) +D(x2n, Tβx
∗)]
}
.
Taking the limit as n → ∞, we get D(Tβx
∗, x∗) ≤ λD(Tβx
∗, x∗). Therefore D(Tβx
∗, x∗) = 0,
i.e. Tβx
∗ = x∗.
Moreover, from (5.1) with x = y = Tβx
∗ = x∗, we have
D(Tαx
∗, x∗) = D(Tαx
∗, Tβx
∗) ≤ λ(α)max
{
D(Tαx
∗, x∗),
1
2
D(Tαx
∗, x∗)
}
and hence Tαx
∗ = x∗ for all α ∈ J . Thus, all Tα have a common fixed point. Suppose that w is
a fixed point of Tβ, it follows as above , that w is a common fixed point for all Tα. Thus, from
(5.1) we have D(z, x∗) = D(Tβx
∗, Tαw) ≤ λD(x
∗, w) and so x∗ = w. Thus, x∗ is the unique
common fixed point for all {Tα}α∈J . This completes the proof.
6 Weak contractions
In this section, we present some common fixed point under contractive conditions for w-compatible
mappings in metric type spaces.
We start with the following definition.
Definition 6.1 (Compare [4]) Let X be a non empty set. An element (x, y) ∈ X ×X is called:
(E1) a coupled fixed point of the mapping F : X ×X → X if F (x, y) = x and F (y, x) = y;
(E2) a coupled coincidence point of the mappings F : X × X → X and g : X → X if
F (x, y) = g(x) and F (y, x) = g(y). In this case (gx, gy) is called the coupled point of
coincidence;
(E3) a coupled common fixed point of the mappings F : X × X → X and g : X → X if
F (x, y) = gx = x and F (y, x) = gy = y.
Definition 6.2 Let X be a non empty set. The mappings F : X ×X → X and g : X → X are
said to be w-compatible if g(F (x, y)) = F (gx, gy) whenever F (x, y) = g(x) and F (y, x) = g(y).
Observe here that if (x, y) is a coupled common fixed point of the mappings F : X ×X → X and
g : X → X, then likewise (y, x).
Theorem 6.3 Let (X,D,K) a metric type space and F : X ×X → X and g : X → X be maps
such that for all x, y, u, v ∈ X
D(F (x, y), F (u, v)) ≤ α1D(gx, gu) + α2D(F (x, y), gx) + α3D(gy, gv)
+ α4D(F (u, v), gu) + α5D(F (x, y), gu)
+ α6D(F (u, v), gx), (6.1)
where αi for i = 1, · · · , 6 are nonnegative constants with
2K(α1 + α3) + (K + 1)(α2 + α4) + (K
2 +K)(α5 + α6) < 2. (6.2)
If F (X × X) ⊂ g(X) and g(X) is complete, then F and g have a coupled coincidence point in
X.
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Proof. Let x0, y0 ∈ X be arbitrary and set
g(x1) = F (x0, y0), g(y1) = F (y0, x0), · · · , g(xn+1) = F (xn, yn), g(yn+1) = F (yn, xn)
This construction is always possible since F (X ×X) ⊂ g(X). From (6.1), we have
D(gxn+1, gxn) = D(F (xn, yn), F (xn−1, yn−1))
≤ α1D(gxn, gxn−1) + α2D(F (xn, yn), gxn) + α3D(gyn, gyn−1)
+ α4D(F (xn−1, yn−1), gxn−1) + α5D(F (xn, yn), gxn−1)
+ α6D(F (xn−1, yn−1), gxn)
≤ α1D(gxn, gxn−1) + α2D(g(xn+1), gxn) + α3D(gyn, gyn−1)
+D(gxn, gxn−1) + α5D(gxn+1, gxn−1) + α6D(gxn, gxn)
≤ α1D(gxn, gxn−1) + α2D(g(xn+1), gxn) + α3D(gyn, gyn−1)
+D(gxn, gxn−1) +Kα5[D(gxn+1, gxn) +D(gxn, gxn−1)]. (6.3)
It follows that
(1− α2 −Kα5)D(gxn+1, gxn) ≤ (α1 + α4 +Kα5)D(gxn, gxn−1) + α3D(gyn, gyn−1). (6.4)
Similarly, we have
(1− α2 −Kα5)D(gyn+1, gyn) ≤ (α1 + α4 +Kα5)D(gyn, gyn−1) + α3D(gxn, gxn−1). (6.5)
From
D(gxn+1, gxn) = D(F (xn, yn), F (xn−1, yn−1)) = D(F (xn−1, yn−1), F (xn, yn)) = D(gxn, gxn+1),
and applying (6.1) to D(gxn, gxn+1), we derive that
(1− α4 −Kα6)D(gxn, gxn+1) ≤ (α2 + α4 +Kα5)D(gxn−1, gxn) + α3D(gyn−1, gyn). (6.6)
and
(1− α4 −Kα6)D(gyn, gyn+1) ≤ (α2 + α4 +Kα5)D(gyn−1, gyn) + α3D(gxn−1, gxn). (6.7)
Now, by adding up (6.4) and (6.5) and setting Dn = D(gxn, gxn+1) +D(gyn, gyn+1), we obtain
(1− α2 −Kα5)Dn ≤ (α1 + α3 + α4 +Kα5)Dn−1. (6.8)
Similarly, adding (6.1) and (6.7) and setting Dn = D(gxn, gxn+1) +D(gyn, gyn+1), we obtain
(1− α4 −Kα6)Dn ≤ (α1 + α2 + α3 +Kα6)Dn−1. (6.9)
Finally, adding up (6.8) and (6.9), we have
[2− α2 − α4 −K(α5 + α6)]Dn ≤ [2α1 + α2 + 2α3 + α4 +K(α5 + α6)]Dn−1. (6.10)
Hence, for all n,
0 ≤ Dn ≤ λDn−1 ≤ λ
2Dn−2 ≤ · · · ≤ λ
nD0, (6.11)
where
λ =
2α1 + α2 + 2α3 + α4 +K(α5 + α6)
2− α2 − α4 −K(α5 + α6)
<
1
K
. (6.12)
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If D0 = 0 then (x0, y0) is a coupled coincidence of F and g.
Now, assume that D0 > 0. From Lemma 3.1, and since λ < 1/K, we conclude that (gxn) and
(gyn) are Cauchy sequences in X. Since g(X) is complete, there exixt x
∗, y∗ ∈ X such that
gxn → gx
∗ and gyn → gy
∗.
Now, we prove that F (x∗, y∗) = gx∗ and F (y∗, x∗) = gy∗. Indeed, using (6.1)
D(F (x∗, y∗), gx∗) ≤ K[D(F (x∗, y∗), gxn+1) +D(gxn+1, gx
∗)]
= [D(F (x∗, y∗), F (xn, yn)) +D(gxn+1, gx
∗)]
≤ K[α1D(gx, gxn) + α2D(F (x
∗, y∗), gx∗) + α3D(gy
∗, gyn)
+Kα4[D(gxn+1, gx
∗) +D(gx∗, gxn)]
+Kα5[D(x
∗, y∗) +D(gx∗, gxn)]
+ α6D(gxn+1, gx
∗) +D(gxn+1, gx
∗)]. (6.13)
Therefore
D(F (x∗, y∗), gx∗) ≤
Kα1 +K
2(α4 + α5)
1−Kα2 −K2α5
+
K +K2α4 +Kα6
1−Kα2 −K2α5
+
Kα3
1−Kα2 −K2α5
. (6.14)
Since gxn → gx
∗ and gyn → gy
∗, we have D(F (x∗, y∗), gx∗) = 0, i.e. F (x∗, y∗) = gx∗. Similarly,
we can get F (y∗, x∗) = gy∗. Therefore (x∗, y∗) is a coupled coincidence point for F and g.
Theorem 6.4 Let (X,D,K) a metric type space and F : X ×X → X and g : X → X be maps
which satisfy the conditions of Theorem 6.3. If F and g are w-compatible, then F and g have a
unique coupled common fixed point, which belongs to the diagonal of X.
Proof.
Step 1:
In a first time, we establish the uniqueness of the coupled point of coincidence. Suppose by the
way of contraction that F (x∗, y∗) = gx∗, F (y∗, x∗) = gy∗, F (a∗, b∗) = ga∗, F (b∗, a∗) = gb∗ for
some x∗, y∗, a∗, b∗ ∈ X. From (6.1), we have
D(ga∗, gx∗) = D(F (a∗, b∗), F (x∗, y∗)) ≤ (α1 + α5 + α6)D(ga
∗, gx∗) + α3D(gb
∗, gy∗)
and
D(gb∗, gy∗) = D(F (b∗, a∗), F (y∗, x∗)) ≤ (α1 + α5 + α6)D(gb
∗, gy∗) + α3D(ga
∗, gx∗).
Adding up the above two inequalities, we get
D(ga∗, gx∗) +D(gb∗, gy∗) ≤ (α1 + α3 + α5 + α6)[D(ga
∗, gx∗) +D(gb∗, gy∗)]
Since 2K(α1+α3)+(K+1)(α2+α4)+(K
2+K)(α5+α6) < 2, we have D(ga
∗, gx∗)+D(gb∗, gy∗) =
0, i.e. ga∗ = gx∗ and gb∗ = gy∗. It is also very easy to observe that a similar computation as
the one did above establishes that ga∗ = gy∗ and gb∗ = gx∗. Thus ga∗ = gb∗ and (gx∗, gx∗) is
the unique coupled point of coincidence of F and g.
Step 2:
Now let g(x∗) = z. Then we have z = g(x∗) = F (x∗, x∗). By w-compatibility of F and g, we
have
g(z) = g(g(x∗)) = g(F (x∗, x∗)) = F (g(x∗), g(x∗)) = F (z, z).
Thus (gz, gz) is a coupled point of coincidence of F and g. Therefore z = gz = F (z, z).
Consequently (z, z) is the unique coupled common fixed point of F and g.
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Corollary 6.5 Let (X,D,K) a metric type space and F : X ×X → X and g : X → X be maps
such that for all x, y, u, v ∈ X
D(F (x, y), F (u, v)) ≤ α[D(gx, gu) +D(F (x, y), gx)]+
β[D(gy, gv)D(F (u, v), gu)]
+ γ[D(F (x, y), gu)D(F (u, v), gx)], (6.15)
where α, β and γ are nonnegative constants with
(3K + 1+)(α + β) + 2(K2 +K)γ < 2. (6.16)
If F (X × X) ⊂ g(X) and g(X) is complete, then F and g have a coupled coincidence point in
X. Also if F and g are w-compatible, then F and g have a unique coupled common fixed point,
which belongs to the diagonal of X.
Proof. It follows from Theorems 6.3 and 6.4 by setting α1 = α2 = α, α3 = α4 = β and
α5 = α6 = γ.
Corollary 6.6 Let (X,D,K) a metric type space and F : X ×X → X and g : X → X be maps
such that for all x, y, u, v ∈ X
D(F (x, y), F (u, v)) ≤ αD(gx, gu) + βD(gy, gv)
where α, β are nonnegative constants with α+ β < 1/K.
If F (X × X) ⊂ g(X) and g(X) is complete, then F and g have a coupled coincidence point in
X. Also if F and g are w-compatible, then F and g have a unique coupled common fixed point,
which belongs to the diagonal of X.
Proof. It follows from Theorems 6.3 and 6.4 by setting α1 = α, α3 = β and α2 = α4 = α5 =
α6 = 0.
Corollary 6.7 Let (X,D,K) a metric type space and F : X ×X → X and g : X → X be maps
such that for all x, y, u, v ∈ X
D(F (x, y), F (u, v)) ≤ αD(F (x, y), gu) + βD(F (u, v), gx) (6.17)
where α, β are nonnegative constants with α+β < 2/(K2+K). (3K+1+)(α+β)+2(K2+K)γ < 2.
If F (X × X) ⊂ g(X) and g(X) is complete, then F and g have a coupled coincidence point in
X. Also if F and g are w-compatible, then F and g have a unique coupled common fixed point,
which belongs to the diagonal of X.
Proof. It follows from Theorems 6.3 and 6.4 by setting α5 = α, α6 = β and α1 = α2 = α3 =
α4 = 0.
We give here an example to illustrate the above results.
Example 6.8 Let X = [0, 1] and define on X ×X the map D given by D(x, y) = |x− y|2. The
reader can convince himself that D does not satisfy the triangle inequality and that (X,D, 2) is a
metric type space. For that, we could use the Minkowski inequality |x−z|2 ≤ 2(|x−y|2+ |y−z|2).
Define the map F : X×X → X by F (x, y) = (x+y)/4 and g(x) = x. For α = β = 1/8, it is easy
to check that F and g satisfy the condition (6.17) and that α + β = 1/4 ∈ [0, 1/K) = [0, 1/2),
i.e.
D(F (x, y), F (u, v)) ≤
1
8
[D(x, u) +D(y, v)].
We apply Corollary 6.6 to deduce the existence of coupled fixed point for F and g, which is the
present case is (0, 0).
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